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THE CONFORMAL-TO-EINSTEIN EQUATION ON MÖBIUS
SURFACES
MATTHEW RANDALL
Abstract. On a conformal manifold, it is well known that parallel sections of
the standard tractor bundle with non-vanishing scale are in 1-1 correspondence
with solutions of the conformal Einstein equation. In 2 dimensions conformal
geometry carries no local information but one can remedy this by equipping
the surface with a Möbius structure. The conformal Einstein equation is then
a well defined overdetermined system of linear PDEs on the Möbius surface.
It turns out however that an additional term involving curvature in the form
of the Cotton-York tensor appears in the prolongation of the conformal Ein-
stein equation in 2-dimensions, in contrast to the higher dimensional setting.
We establish a 1-1 correspondence between solutions of the conformal Einstein
equation on Möbius surfaces with non-vanishing scale and parallel sections of
the modified standard tractor connection called the prolongation connection.
We also discuss the consequence of this in deriving local obstructions, and also
obtain (partial) results on the possible dimensions of the kernel space of the
conformal-to-Einstein operator on Möbius surfaces.
1. Introduction
Let (M2, [g]) be a Riemann surface. This is a smooth 2-dimensional oriented
manifold equipped with a conformal structure [g], which is an equivalence class
of smooth Riemannian metrics under the equivalence relation gab 7→ ĝab = Ω2gab
for any smooth positive nowhere vanishing function Ω. Since every metric gab in
dimension 2 is locally a conformal rescaling of the flat metric δab, conformal geom-
etry in dimension 2 carries no local information. To remedy this, one can impose
on Riemann surfaces additional local structure present in conformal manifolds of
dimension n > 2. This is the motivation behind Möbius structures [3]. A Riemann
surface with a Möbius structure will henceforth be called a Möbius surface. On
Möbius surfaces the conformal-to-Einstein equation makes sense, and can be seen
as a specialisation of the equation in conformal geometry in higher dimensions
to the 2-dimensional setting. The conformal-to-Einstein equation on conformal
manifolds has been studied extensively, for instance in [6] and [8]. Local algebraic
obstructions to the existence of conformally Einstein metrics have also been found,
for example in dimension 4 the Bach tensor is one such obstruction. In higher di-
mensions these local obstructions are studied in [8]. Also other obstructions are
found for self-dual manifolds in [1] and a complete set of obstructions is found
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recently in [4]. In this paper we derive algebraic constraints for a given non-flat
Möbius surface to admit a solution to the conformal-to-Einstein equation, and from
there derive obstructions to existence of solutions in the non-flat setting. Checking
that the obstructions do not vanish tells us definitively that the Möbius surface
cannot admit any conformally Einstein metrics locally. We first recall facts about
Möbius surfaces in Section 2. In Section 3 we discuss how the conformal Einstein
equation on Möbius surfaces is related to the scalar-flat Möbius Einstein-Weyl (sf-
MEW) equation, studied by the same author in [11]. In Section 4 we prolong the
conformal-to-Einstein equation on Möbius surfaces to form a closed system and
proceed to derive local obstructions in Sections 6 and 7. The relationship between
the conformal-to-Einstein equation and tractor calculus is explored in Section 5.
Examples are given in Sections 6 and 7. We give partial results on the dimension
of the kernel space of the conformal-to-Einstein operator in Section 8 and conclude
in Section 9 with an outlook on future research directions. Parts of this paper also
appear in the author’s thesis [12]. Abstract indices [10] will be used throughout the
paper to describe tensors on the conformal manifold. We have already used gab to
denote the metric tensor. For another instance, if we write ωa to denote a smooth
1-form ω, then the 2-form dω can be written as ∇[aωb] = 12(∇aωb − ∇bωa). For
a representative metric gab of the conformal class [g], let ∇ denote its associated
Levi-Civita connection. Under a conformal rescaling of the metric ĝab = Ω
2gab, we
have
∇̂aωb = ∇aωb −Υaωb −Υbωa + gabΥcωc
for Υa = ∇a log Ω, where ∇̂ is the Levi-Civita connection for the conformally
rescaled metric ĝab.
2. Möbius surfaces
AMöbius surface is a Riemann surface (M2, [g]) equipped with a smooth Möbius
structure as defined in 2.1 of [3]. Following the conventions in [3], in 2 dimensions,
the line bundle of conformal densities of weight −2, denoted by E [−2], is defined
to be the bundle of volume forms Λ2TM . The density line bundle of weight 1
denoted by E [1] (where it is called L1 in [3]), is then given by the root bundle
(Λ2TM)−
1
2 . A Weyl derivative Da is defined to be a covariant derivative on E [1].
It is shown in [3] that the induced conformal change in the trace-free part of the
Hessian defined by a Weyl derivative on densities of weight 1 is tensorial. Taking
the Weyl derivative to Da to be the one induced by a Levi-Civita connection ∇a
for a particular representative metric gab in the conformal class [g], this motivates
the following definition:
Definition 2.1. ([3]) A Möbius structure on (M2, [g]) is a smooth second order
linear differential operator Dab : E [1]→ E(ab)◦ [1] such that Dab −∇(a∇b)◦ is a zero
order operator.
Let P(ab)◦ be the symmetric trace-free tensor denoting the difference, i.e.
P(ab)◦σ := (Dab −∇(a∇b)◦)σ,
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where σ is a section of E [1]. Since the operator Dab = D(ab)◦ is invariantly defined,
under a conformal rescaling of the metric ĝab = Ω
2gab we find that
P̂(ab)◦ = P(ab)◦ −∇aΥb +ΥaΥb −
1
2
gabΥcΥ
c +
1
2
gab∇cΥc
where Υa = ∇a log Ω. Let K denote the Gauss curvature of gab, i.e. K = R2 , where
R is the scalar curvature of gab. Define the Rho tensor by Pab := P(ab)◦ +
K
2
gab.
Under a conformal rescaling, K transforms as K̂ = K −∇aΥa and therefore
P̂ab = Pab −∇aΥb +ΥaΥb − 1
2
gabΥcΥ
c.
Hence for any representative metric gab in the conformal class [g] with its associated
Levi-Civita connection ∇a, a Möbius structure in the sense of [3] determines a
symmetric tensor Pab satisfying the following two properties:
1) The metric trace of Pab is the Gauss curvature K of gab;
2) Under a conformal rescaling of the metric gˆab = Ω
2gab, the tensor Pab transforms
accordingly as
(1) P̂ab = Pab −∇aΥb +ΥaΥb − 1
2
gabΥcΥ
c,
where Υa = ∇a log Ω. Hence one may equivalently define:
Definition 2.2. ([5] and [11]) A Möbius structure [P] on (M2, [g]) is the assign-
ment of a smooth symmetric tensor Pab representative of [P] to each metric gab in
the conformal class, such that gabPab = K and the conformal transformation law
(1) is satisfied.
A Möbius surface will be denoted by (M2, [g], [P]), and note that a representative
in the class [P] is dependent on a representative of the conformal class [g]. Unlike
in higher dimensions, the Schouten tensor obtained from the Riemann curvature
tensor is not well-defined in dimension 2 and a Möbius structure remedies that by
equipping the manifold with a Rho tensor Pab that behaves like a Schouten tensor
under conformal rescaling. This allows us to write
(2) Rabcd = K(gacgbd − gbcgad) ≡ Pacgbd − Pbcgad + Pbdgac − Padgbc,
even though the tensor Pab cannot be recovered from the Riemannian curvature
tensor alone, in contrast to the higher dimensional setting. A fixed representative
metric gab from the conformal class [g] can be viewed as having conformal weight 2
and induces a volume form ǫab = ǫ[ab] of conformal weight 2. We set our convention
so that ǫabǫcb = δc
a and we raise and lower indices using the metric. The Cotton-
York tensor given by
Yabc = ∇aPbc −∇bPac
is a Möbius invariant of the Möbius structure. This means that under conformal
rescalings of the metric, the quantity Yabc remains unchanged. We can use the
volume form ǫab to dualise, so that
Yabc =
1
2
ǫabYc,
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where Yc = ǫ
abYabc is now a 1-form of conformal weight −2. Observe that
1
2
ǫabY
b = Yab
b = ∇aK −∇bPab.
A Möbius surface is called flat iff Ya = 0 and not flat otherwise. In [3] the vanishing
of Ya is shown to be equivalent to integrability of the Möbius structure.
3. Conformal-to-Einstein equation on Möbius surfaces
In this section we derive the conformal-to-Einstein equation on Möbius surfaces.
Let (M2, [g], [P]) be a Möbius surface. A Weyl connectionDa on a Riemann surface
(M2, [g]) is a torsion-free connection that preserves the conformal class [g], or
equivalently Dagbc = 2αagbc for some 1-form αa. The 1-form αa is determined up
to a gauge freedom; under a conformal rescaling of the metric gab 7→ ĝab = Ω2gab,
we have αa 7→ α̂a = αa + Υa, where again Υa = ∇a log Ω. A Weyl connection
Da is called closed if the 1-form αa determined by the Weyl derivative is closed,
i.e ∇[aαb] = Fab = 0. In this case the Weyl connection is locally a Levi-Civita
connection for a metric in [g]. For a fixed Möbius surface (M2, [g], [P]), we can
ask whether there is a compatible Weyl connection Da such that the second order
linear differential operator Dab is given by the trace-free symmetric Hessian of the
Weyl derivative, i.e. Dab = D(aDb)◦ . For a representative metric gab ∈ [g] and its
associated Levi-Civita connection ∇a, this is equivalent to solving the system of
equations given by
(3) Trace-free part of (∇(aαb) + αaαb + Pab) = 0.
The conformal-to-Einstein equation is obtained from (3) by imposing the addi-
tional condition that αa is closed (equivalently we want a compatible Weyl con-
nection Da that is closed). Choosing a representative metric gab in the conformal
class [g] with its associated Levi-Civita connection ∇a, if Fab = ∇[aαb] = 0 we can
write the conformal-to-Einstein equation as
∇aαb + αaαb + Pab − αcα
c
2
gab = −s
2
gab,(4)
where s here is the scalar curvature of the Weyl connection Da. Equation (3) is
introduced in [12] (where it is called the Möbius Einstein-Weyl (MEW) equation)
and mentioned in [11]. It is found to be not finite type in the sense of [13] but
becomes finite type when we additionally impose F = ǫabFab = 0, in which case
we obtain the conformal-to-Einstein equation, or when we additionally impose
s = 0, which is studied in [11] as the sf-MEW equation. Equation (3) generalises
the conformal-to-Einstein equation on Möbius surfaces the same way that the
Einstein-Weyl equation generalises the conformal-to-Einstein equation in higher
dimensions. Together with [11], this paper examines the cases where equation (3)
specialises to finite type system of PDEs on Möbius surfaces. In summary, we
have a study of the various different types of overdetermined systems of PDEs on
Möbius surfaces:
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F = 0 F 6= 0
s = 0 Conformal-to-Einstein on flat surfaces sf-MEW
s 6= 0 Conformal-to-Einstein MEW (not finite type)
The conformal-to-Einstein equation on flat surfaces (both F = 0 and s = 0 case)
is dealt with in Subsection 8.1. A more direct and heuristic definition for the
conformal-to-Einstein condition is to ask for a fixed representative Rho tensor Pab
of the Möbius structure whether it is Einstein in the sense that it is some multiple
of a representative metric gab in the conformal class [g]. The conformal-to-Einstein
equation can be then similarly derived this way.
4. Prolongation of the conformal-to-Einstein equation on Möbius
surfaces
In this section we apply the prolongation procedure to the linear system of
PDEs associated to the conformal-to-Einstein condition on Möbius surfaces and
see that the closed system differs from that obtained in the higher dimensional
setting. Prolongation of the conformal-to-Einstein equation in higher dimensions
is well known (see [2] and [8]). The closed system we obtain has consequences in
deriving algebraic obstructions for the existence of conformally Einstein metrics
on general non-flat Möbius surfaces. Let (M2, [g], [P]) be a Möbius surface. The
conformal-to-Einstein equation makes sense, and is given by
(∇a∇b + Pab)◦σ = 0,(5)
where (. . .)◦ denotes trace-free part. This is obtained from equation (4) by substi-
tuting αa =
∇aσ
σ
. Rewriting (5) by introducing the trace term Λ, we obtain
∇a∇bσ + Pabσ + Λgab = 0.(6)
Equation (6) is conformally invariant when σ has conformal weight 1. Alternatively
we can view solutions σ satisfying (5) as lying in the kernel of the conformal-to-
Einstein operator Dab : E [1] 7→ E(ab)◦ [1] given by
(7) Dabσ = Trace-free part of (∇a∇b + Pab)σ.
We shall prolong the conformal-to-Einstein equation and find remarkably that it
differs from the prolongation in higher dimensions with the addition of a curvature
term! Let µa = ∇aσ. Then (6) is
(8) ∇aµb = −Pabσ − Λgab.
Differentiating we obtain
∇c∇aµb + (∇cPab)σ + Pabµc +∇cΛgab = 0,
so that skewing a and c indices,
Rac
d
bµd + Ycabσ + Pabµc − Pcbµa +∇cΛgab −∇aΛgcb = 0.
Using that on Möbius surfaces the curvature decomposes according to (2), we
obtain
Pa
dµdgcb − Pcdµdgab + Ycabσ +∇cΛgab −∇aΛgcb = 0.
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Tracing c and b indices, we get
∇aΛ = −Yaccσ + Padµd.
Now in dimensions n > 2, Yac
c = 0 because the Cotton-York tensor is totally
trace-free. However, in 2 dimensions,
Yabc =
1
2
ǫabYc,
where Yc = ǫ
abYabc, so that we have
Yac
c =
1
2
ǫacY
c =
1
2
Ua,
where Ua = ǫacY
c is introduced and used in [11]. Hence we obtain
∇aΛ = −1
2
Uaσ + Pa
dµd.(9)
The conformal-to-Einstein equation prolongs to form a closed system, which de-
fines a connection on the tractor bundle associated to a Möbius surface. We remark
that the prolongation of this equation also appears in some earlier form in (4.6) of
[9].
5. Tractor calculus on Möbius surfaces
In this section we shall discuss how to construct the conformal standard tractor
bundle EA on Möbius surfaces. The exposition on the tractor bundle in conformal
geometry can be found in [2] and [8]. Because of the way we defined Möbius
surfaces, the conformal class [g] on M2 is assumed to be Riemannian and so of
signature (2, 0). However, the tractor construction in this section essentially goes
through without change for conformal classes with metrics of signature (1, 1) or
(0, 2). Also the construction of the bundle only involves the conformal structure
[g] and the Möbius structure [P] enters through defining the tractor connection.
We use the tractor bundle here to really mean its dual, the co-tractor bundle,
under the identification via the tractor metric hAB. This essentially follows the
construction given in [2]. The jet exact sequence at the 2-jets of the density line
bundle E [1] gives
(10) 0→ E(ab)[1]→ J2(E [1])→ J1(E [1])→ 0,
and the conformal structure further decomposes E(ab)[1] into the direct sum E(ab)◦ [1]⊕
E [−1]. The symmetric trace-free bundle E(ab)◦ [1] is a smooth subbundle of J2(E [1]),
and the tractor bundle EA is simply the quotient bundle of J2(E [1]) by E(ab)◦ [1],
defined by the exact sequence
(11) 0→ E(ab)◦ [1]→ J2(E [1])→ EA → 0.
The short exact sequence (10) at the 2-jets level and the short exact sequence
0→ Ea[1]→ J1(E [1])→ E [1]→ 0
at the 1-jet level determine a composition series for EA described by
EA = E [−1]+☎✆Ea[1]+☎✆E [1]
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where +
☎
✆is the semi-direct sum. A choice of metric gab ∈ [g] determines a splitting
of the exact sequence, and identifies the standard tractor bundle EA with the direct
sum E [−1] ⊕ Ea[1] ⊕ E [1]. On Möbius surfaces, the conformal cotractor bundle
has an invariant metric hAB of signature (2, 1) called the tractor metric, and an
invariant connection ∇a preserving hAB called the tractor connection. Moreover,
we have a section of the standard tractor bundle TA ∈ ΓEA given in a conformal
scale obtained by choosing a representative metric g ∈ [g] by
TA
g
=

 σµb
Λ

 ∈
E [1]
⊕
Ea[1]
⊕
E [−1]
,
and under conformal rescalings of the metric,
T̂A
ĝ
=

 σµb +Υbσ
Λ−Υbµb − 12ΥbΥbσ

 .
Using the tractor bases convention as used in [8] for instance, we have
TA
g
= σYA + µaZ
a
A + ΛXA,
where under conformal recalings, the bases transform according to
ŶA = YA −ΥaZaA −
1
2
ΥaΥ
a
XA, Ẑ
a
A = Z
a
A +Υ
a
XA, X̂A = XA,
and the tractor connection acts on the bases according to
∇aYA = PabZbA, ∇aZbA = −PabXA − gabYA, ∇aXA = ZaA.
Note that there is a choice in defining the tractor connection but this is motivated
by the higher dimensional setting. On a Möbius surface (M2, [g], [P]), we have
constructed the standard tractor connection given by
∇aTB = ∇a

 σµb
Λ

 =

 ∇aσ − µa∇aµb + Pabσ + Λgab
∇aΛ− Padµd

 ,
just like the higher dimensional case. Recall that in dimensions n > 2, there is
a 1-1 correspondence between solutions of the conformally Einstein equation and
parallel sections of the standard tractor bundle with nowhere vanishing scale σ (see
for instance [6]). We would like to establish a similar correspondence on Möbius
surfaces. However, we have seen from the prolongation of the conformally Einstein
equation (6) that an additional term involving Ua appears in the closed system,
so the standard tractor connection is not the right object in the correspondence.
We have however in the flat case, where Ua = 0, that
Proposition 5.1. There is a 1-1 correspondence between solutions of the con-
formal Einstein equation on flat Möbius surfaces and parallel sections IA of the
standard tractor bundle with σ = XAIA non-vanishing.
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Proof. Suppose the flat Möbius surface admits a solution to (6). In a particular
conformal scale, a parallel section of the tractor bundle EA is given by
IA =

 σ∇aσ
−1
2
(∆σ +Kσ)


and we find from the prolonged system of (6) that
∇aIB = ∇a

 σ∇bσ
−1
2
(∆σ +Kσ)

 =

 ∇aσ −∇aσ∇a∇bσ + Pabσ − 12(∆σ +Kσ)gab∇a(−12(∆σ +Kσ))− Pad∇dσ

 = 0,
where the equation on the bottom slot holds as a differential consequence of (6)
in the flat setting. Conversely given a parallel section of the standard tractor
connection with nowhere vanishing scale, σ = XAIA defines a solution to (6). 
The prolongation connection for the conformal Einstein equation on general
(possibly non-flat) Möbius surfaces is given by
DaTB = Da

 σµb
Λ

 =

 ∇aσ − µa∇aµb + Pabσ + Λgab
∇aΛ− Padµd + 12Uaσ

 =

 ∇aσ − µa∇aµb + Pabσ + Λgab
∇aΛ− Padµd

 +

 00
1
2
Uaσ


(12)
=∇aTB + 1
2
UaT
A
XAXB.
Analogous to the proof of Proposition 5.1, we obtain
Proposition 5.2. There is a 1-1 correspondence between solutions of the con-
formal Einstein equation on Möbius surfaces and sections of the standard tractor
bundle with σ = XAIA non-vanishing that are parallel with respect to the prolon-
gation connection given by (12).
In the case where the Möbius surface is flat, the prolongation connection agrees
with the standard tractor connection, which has zero curvature, and we recover
Proposition 5.1.
6. Local obstructions to the existence of conformal Einstein
metrics on generic Möbius surfaces and examples
In this section we observe how the additional curvature term appearing in the
closed system affects deriving obstructions. We proceed by differentiating the
closed system to yield algebraic constraints on the conformal-to-Einstein system.
Differentiating equation (9) once more gives
∇b∇aΛ = −1
2
(∇bUa)σ − 1
2
Uaµb + (∇bPad)µd + Pad(−Λδbd − Pbdσ)
and contracting with the inverse volume form ǫab, we obtain
(13) Yaµ
a + µσ = 0,
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where µ := ∇aY
a
2
(see [12] for the conformal weight and conformal transformation
of µ). Equation (13) is the first constraint of the conformal-to-Einstein system.
Differentiating equation (13) once more and using the closed system gives
(∇eYd)µd + (∇eµ)σ + µµe − ΛYe − PedYdσ = 0.(14)
We contract the free index with Ue and get
(Ue∇eYd)µd + (Ue∇eµ)σ + µ(µeUe)− PedUeY dσ = 0.
Now from the conformal transformation rule (Ya, Ua have weight −2)
Ûe∇eYd = Ue∇eYd − 3ΥeUeYd + UdΥcYc,
we observe that the 1-form Vd given by
Vd := U
e∇eYd + µUd − 3φYd
is conformally invariant of weight −6, where here φ := ∇aUa
2
is also introduced in
[12]. Hence, applying (14) and (13) we get
Vdµ
d = (Ue∇eYd + µUd − 3φYd)µd = −(Ue∇eµ)σ + PedUeY dσ + 3φµσ.
Let us call
k := PedU
eY d − Ue∇eµ+ 3φµ.
This is a scalar density of weight −4 and under conformal rescaling, kˆ = k+ΥcV c,
and we have
(15) Vdµ
d = kσ.
Combining equations (13) and (15), and assuming that UdV
d 6= 0, we can solve
for µd to obtain
µd = −µǫ
adVaσ
UcV c
+
kσUd
UcV c
=
1
UcV c
(
µǫdaVa + kU
d
)
σ.
We now have to consider the cases where UaV
a = 0 and UaV
a 6= 0. This motivates
the following:
Definition 6.1. A non-flat Möbius surface is called generic if UaV a 6= 0, and non-
generic if UaV
a = 0 (the set where UaV
a 6= 0 is open and locally we can restrict
to a neighbourhood so that UaV
a 6= 0).
On non-flat generic Möbius surfaces, we can define the 1-form
Ka :=
1
UcV c
(
µǫa
bVb + kUa
)
.(16)
Then µa = Kaσ, and substituting this into (8) we obtain
∇aµb = (∇aKb)σ + µaKb = −Λgab − Pabσ,
which gives
(∇aKb)σ +KaKbσ + Pabσ = −Λgab,
or that
Λ = −1
2
(∇cKc +KcKc +K)σ,
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so that
(∇aKb)σ +KaKbσ + Pabσ = 1
2
(∇cKc +KcKc +K)σgab,
and assuming σ is non-zero, we obtain
∇aKb +KaKb + Pab = 1
2
(∇cKc +KcKc +K)gab.
We have the following proposition
Proposition 6.2. Let (M2, [g], [P]) be a non-flat generic Möbius surface (i.e. with
UaV
a 6= 0). Suppose it admits a solution to the conformal-to-Einstein equation.
Then the following tensor obstruction Eab given by
(17) Eab = ∇aKb +KaKb + Pab − 1
2
(∇cKc +KcKc +K)gab
must vanish, where Ka is given by (16). Conversely, suppose the tensor Eab given
by (17) vanishes for the 1-form Ka given by (16) on a non-flat generic Möbius
surface (M2, [g], [P]). Then ∇[aKb] = 0, and taking Ka = ∇a log σ for some func-
tion σ, we find that there exists a solution to the conformal-to-Einstein equation
on M2.
We shall discuss the non-generic case where UaV
a = 0 in Section 7. We now
give 2 examples of non-flat generic Möbius structures on the Euclidean plane R2
(with K = 0), one with vanishing obstruction and one without.
Example 6.3. The first example will be the Möbius structure on R2 given by
P =P11dxdx+ 2P12dxdy + P22dydy
=
(
y − x+ 1
2
y4 − 1
2
x4
)
dxdx− 2x2y2dxdy +
(
x− y + 1
2
x4 − 1
2
y4
)
dydy.
For this Möbius structure, we find that Ka remarkably simplifies to give
K = K1dx+K2dy = x
2dx+ y2dy
and
Eab = ∂aKb +KaKb + Pab − 1
2
(∂cK
c +KcK
c)gab = 0,
so that the obstruction vanishes and taking σ = e
x
3
+y
3
3 gives us a solution to the
conformal-to-Einstein equation.
Example 6.4. The second example will be the Möbius structure given by Pab =
x(aǫb)cx
c on R2. We shall show that this Möbius structure admits no solution to
(6) by showing that the tensor obstruction does not vanish. Let xa be standard
local coordinates on R2 so that ∂axb = δab. A computation shows that
∂aPbc = δa(bǫc)dx
d + x(bǫc)a,
from which we obtain
Yc = 2ǫ
ab∂aPbc = −4xc, Uc = −4ǫcaxa.
The conformal-to-Einstein equation on Möbius surfaces 11
Further computations of the various quantities give us
Ka =
1
4xcxc
(
(xcx
c)2ǫabx
b − 4xa
)
.
We then find (with the aid of MAPLE) that
Eab = ∂aKb +KaKb + Pab − 1
2
(∂cK
c +KcK
c)gab 6= 0,
and so we conclude that this Möbius structure admits no solution to the conformal-
to-Einstein equation. Also observe that ∂[aKb] 6= 0 for this Möbius structure.
7. Non-generic Möbius surfaces and examples
Here we examine the situation of the conformal-to-Einstein equation on non-
flat non-generic Möbius surface, namely the case where Ya 6= 0 and UaV a = 0.
One obstruction can be computed quite readily; since UaV
a = 0, V a = fY a for
some scalar density f of weight −4. Under the conditions that both Ya 6= 0 and
UaV
a = 0 hold on the Möbius structure, the quantity f is invariantly defined but
it is not a Möbius invariant in the classical sense since it is firstly rational (and
not polynomial) in the jets of the conformal structure and secondly defined only
on the subclass of Möbius structure for which Ya 6= 0 and the invariant UaV a = 0.
Then
kσ = Vaµ
a = fYaµ
a = −fµσ,
so that k + fµ is a conformally invariant obstruction to conformal-to-Einstein on
non-generic Möbius surfaces. For example, the Möbius structure on R2 given by
P = P11dx
2 + 2P12dxdy + P22dy
2 =
(
x2
2
− y
2
2
)
dx2 +
(
y2
2
− x
2
2
)
dy2
has UaV
a = 0 as we compute and find
Y a =
(
2y
−2x
)
, Ua =
(−2x
−2y
)
, V a =
(
8y
−8x
)
.
Here f = 4, µ = 0, k = 4xy(y2−x2), so that the obstruction k+fµ = 4xy3−4x3y 6=
0 and we can conclude that the Möbius structure does not admit a conformal-
to-Einstein scale. Ideally we would like to find a complete set of obstructions
to characterise the non-generic setting in a similar way as the generic setting
(the content of Proposition 6.2), but this case does not seem to be amenable to
extracting obstructions. We are able to show however that provided two additional
invariant conditions hold, the conformal Einstein equation on non-generic Möbius
surfaces reduces to a second order linear homogeneous ODE. We first need the
following:
Lemma 7.1. Let (M2, [g], [P]) be a non-flat non-generic Möbius surface. Let
ρ := Y aYa = U
aUa be a conformally invariant density of weight −6 (the quantity
ρ is also introduced and used in [11]). Then the conformally invariant condition
(18)
Y a∇aρ
6ρ
= µ
12 Randall
must hold.
Proof. From the definition of non-generic Möbius surface, we obtain
0 = UaVa =U
a(U b∇bYa + µUa − 3φYa)
=− Y aU b∇bUa + µρ
=− Y aU b(∇bUa −∇aUb)− Y aU b∇aUb + µρ
=− Y aU bǫbaǫcd(∇cUd)− Y
a∇aρ
2
+ µρ
=Y aU bǫba(∇cY c)− Y
a∇aρ
2
+ µρ
=2ρµ− Y
a∇aρ
2
+ µρ
=− Y
a∇aρ
2
+ 3µρ,
and so equation (18) must hold (since the surface is non-flat, ρ is non-zero). 
Proposition 7.2. Let (M2, [g], [P]) be a non-flat non-generic Möbius surface.
Then the 1-form
ωa := ρ
−
1
3Ua
is closed and so is locally the gradient of some function η, so that ωa = ∇aη.
Proof. We find that
ǫab∇aωb =ǫab(−1
3
ρ−
4
3∇aρUb + ρ− 13∇aUb)
=ǫab
(
−∇aρ
3ρ
Ub +∇aUb
)
ρ−
1
3
=
(
Y a∇aρ
3ρ
− 2µ
)
ρ−
1
3
=0,
where the last equality holds by equation (18). Hence ωa is closed. 
Observe that Y a∇aη = 0, in other words the directional derivative of η along
Y a is zero. The integral curves of Y a form the characteristic lines of the equation
Y a∇aη = 0 and η is constant along those lines. On a non-generic Möbius surface
satisfying (5), we have from (13) that
0 = Yaµ
a + µσ = Y aµa +
Y a∇aρ
6ρ
σ = Y a
(
∇aσ + ∇aρ
6ρ
σ
)
must hold. This implies
Y a∇a log(σρ 16 ) = 0,
and so log(σρ
1
6 ) and η are functionally dependent and viewing η as a coordinate
function we can express σ = ρ−
1
6 es(η) for some function s (up to some constant
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multiple). Differentiating σ again gives
µa = ∇aσ =
(
sη∇aη − ∇aρ
6ρ
)
σ(19)
and substituting this formula for µa into (8) gives us a second-order differential
equation s has to satisfy if (5) holds. We can compute this explicitly. We now
show
Proposition 7.3. Let (M2, [g], [P]) be a non-flat non-generic Möbius surface.
Then the conformal-to-Einstein equation (6) is equivalent to a second order differ-
ential equation given by (22). If in addition, 2 further Möbius invariant conditions
given later by (23) and (24) hold, the equation reduces to a second order linear ho-
mogeneous ODE.
Proof. Differentiating (19) we find that
∇b∇aσ =
(
sηη∇bη∇aη + sη∇b∇aη − ∇b∇aρ
6ρ
+
∇bρ∇aρ
6ρ2
)
σ
+
(
sη∇aη − ∇aρ
6ρ
)(
sη∇bη − ∇bρ
6ρ
)
σ,
so that substituting this expression into (6) gives(
sηη∇bη∇aη + sη∇b∇aη − ∇b∇aρ
6ρ
+
∇bρ∇aρ
6ρ2
)
σ
+
(
sη∇aη − ∇aρ
6ρ
)(
sη∇bη − ∇bρ
6ρ
)
σ + Pabσ + Λgab = 0.(20)
Contracting (20) with Y aU b gives(
sηY
aU b∇b∇aη − Y
aU b∇b∇aρ
6ρ
+
U b∇bρY a∇aρ
6ρ2
)
σ
+
(
−Y
a∇aρ
6ρ
)(
sηU
b∇bη − U
b∇bρ
6ρ
)
σ + PabY
aU bσ = 0.(21)
Observing that Ua∇aη = ρ 23 , we find that
Y aU b∇a∇bη =− (U c∇cY a)∇aη
=− (fY a + 3φY a − µUa)∇aη
=µρ
2
3 ,
and hence equation (21) simplifies to give
PabY
aU b − Y
aU b∇b∇aρ
6ρ
+
7U b∇bρY a∇aρ
36ρ2
= 0
after dividing throughout by σ. A computation shows that the expression on the
left hand side equals k + fµ, which must vanish if equation (5) holds. Let
Q˜ = PabY
aY b − Y
aY b∇b∇aρ
6ρ
+
7Y b∇bρY a∇aρ
36ρ2
.
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We find that under a conformal rescaling, ̂˜Q = Q˜+ 1
2
ΥcΥ
cρ− Υc∇cρ
6
. Contracting
equation (20) with Y aY b gives(
sηY
bY a∇b∇aη − Y
bY a∇b∇aρ
6ρ
+
7Y b∇bρY a∇aρ
36ρ2
)
σ + PabY
aY bσ + Λρ
=
(
sηY
bY a∇b∇aη
)
σ + Q˜σ + Λρ
=0
and we find that
Y bY a∇b∇aη = −(Y c∇cY a)∇aη = −(f + φ)Ua∇aη = −(f + φ)ρ 23 ,
so that(
sηY
bY a∇b∇aη
)
σ + Q˜σ + Λρ = −
(
sη(f + φ)ρ
2
3
)
σ + Q˜σ + Λρ = 0.
Contracting equation (20) with UaU b and making the appropriate substitution
gives (
sηηρ
4
3 + sηsηρ
4
3 + sη
(
U bUa∇b∇aη − U
b∇bρ
3ρ
ρ
2
3
))
σ + R˜σ + Λρ = 0,
where
R˜ = PabU
aU b − U
aU b∇b∇aρ
6ρ
+
7U b∇bρUa∇aρ
36ρ2
.
We find that under a conformal rescaling, ̂˜R = R˜+ 1
2
ΥcΥ
cρ−Υc∇cρ
6
. A computation
shows that
U c∇cUa = ∇
aρ
2
− 2Y aµ,
so that from
(U c∇cUa)∇aη + U cUa∇c∇aη = 2
3
ρ−
1
3U c∇cρ
we have
U cUa∇c∇aη = 2
3
ρ−
1
3U c∇cρ− 1
2
ρ−
1
3Ua∇aρ = 1
6
ρ−
1
3Ua∇aρ,
and therefore (
sηηρ
4
3 + sηsηρ
4
3 − sηU
b∇bρ
6ρ
ρ
2
3
)
σ + R˜σ + Λρ = 0.
But
U c∇cρ
6ρ
=
f
3
+ φ,
so that we have(
sηηρ
4
3 + sηsηρ
4
3 − sη
(
φ+
f
3
)
ρ
2
3
)
σ + R˜σ + Λρ = 0.
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Substituting Λρ = sηρ
2
3 (φ+ f) σ − Q˜σ, we obtain(
sηηρ
4
3 + sηsηρ
4
3 + sη
2f
3
ρ
2
3
)
σ + (R˜ − Q˜)σ = 0.
Dividing throughout by σρ
4
3 gives the second order differential equation
sηη + sηsη + sη
2f
3
ρ−
2
3 + (R˜− Q˜)ρ− 43 = 0.
The differential equation can be made linear by the substitution sη =
ξη
ξ
, and we
obtain
ξηη +
2f
3
ρ−
2
3 ξη + (R˜− Q˜)ρ− 43 ξ = 0.(22)
This is a second order homogeneous ODE provided that the coefficient functions
2f
3
ρ−
2
3 and (R˜−Q˜)ρ− 43 are functions of η only. (We remark that the coefficients are
invariant under a conformal rescaling). To check that the coefficients are functions
of η, we have to check whether both equations
Y a∇a
(
2f
3
ρ−
2
3
)
= 0,(23)
Y a∇a
(
(R˜− Q˜)ρ− 43
)
= 0,(24)
hold, i.e. the derivative of the coefficients in the direction orthogonal to η is zero.
Hence provided that (23) and (24) both hold in the non-generic case, equation (5)
reduces to a second order linear homogeneous ODE and it will admit 2 linearly
independent solutions. 
Example 7.4. An example where (5) is satisfied on non-flat non-generic Möbius
surfaces is the Euclidean plane R2 (with K = 0) with the Möbius structure on R2
given by
P =P11dxdx+ 2P12dxdy + P22dydy
=
(−a− 2a2x2) dxdx+ (2a2x2 + a) dydy,
where a is a constant. For this Möbius structure, we obtain
Y =Y1dx+ Y2dy = 8a
2xdy, φ =4a2, ρ =64a4x2,
V =V1dx+ V2dy = −32a4xdy, µ =0,
and we find that UaV
a = 0, k = 0 (and so k + fµ = 0). Furthermore, we
find that Y a∇a(2f3 ρ−
2
3 ) = 0 and Y a∇a((R˜ − Q˜)ρ− 43 ) = 0 (since ρ, f , R˜ and Q˜
depend only on x). In this example, equation (5) reduces to a second order ODE
and the Möbius surface admits two linearly independent solution to (5). One
is given by σ = eax
2
, µa = 2axe
ax2dx, Λ = −(a + 2a2x2)eax2 and the other is
given by σ = erf(
√
2ax)eax
2
, µa =
(
2ax erf(
√
2ax)eax
2
+ 2
√
2a
pi
e−ax
2
)
dx, Λ =
16 Randall
−(a + 2a2x2) erf(√2ax)eax2 , where erf(x) is the Gaussian Error function defined
by
erf(x) =
2√
π
∫ x
0
e−t
2
dt.
Example 7.5. Another example is the Euclidean plane R2 (with K = 0) with the
Möbius structure on R2 given by
P = P11dxdx+ 2P12dxdy + P22dydy = −x
2
dxdx+
x
2
dydy.
For this Möbius structure, we obtain
Y =Y1dx+ Y2dy = dy, φ =0, ρ = 1,
V =V1dx+ V2dy = 0, µ =0, f = 0,
U =U1dx+ U2dy = dx = dη, Q˜ = P22 =
x
2
, R˜ = P11 = −x
2
.
Equation (22) reduces to
ξxx − xξ = 0,
and the solutions to this second order ODE are given by the Airy functions of the
first and second kind, denoted Ai(x) and Bi(x).
8. Dimension of the kernel of conformal-to-Einstein operator
Here following David Calderbank’s suggestion, we find the dimension of the ker-
nel of conformal-to-Einstein operator on Möbius surfaces. The maximal dimension
of 4 is obtained in the flat setting, as we shall show in Subsection 8.1. In Subsec-
tion 8.2 we obtain partial results on the dimension of the kernel in the non-flat
setting. We show that the dimension of 1 is attained in the generic case and the
dimension of 2 is attained in the non-generic second order ODE case.
8.1. The flat case. In the flat setting, on R2 equipped with the flat metric δab
and standard coordinates xa = (x1, x2) with the Rho tensor associated to the
Möbius structure given by Pab = 0 (since the Gauss curvature K = 0), the tractor
connection reduces to
∂aIB = ∂a

 σµb
Λ

 =

 ∂aσ − µa∂aµb + Λδab
∂aΛ

 =

00
0

 .
We find that Λ = C where C is some constant, and µb = −Cxb + Bb where Bb is
some constant 1-form. Then σ = −C
2
xbx
b+Bbx
b+A, and we find that the solutions
are determined by 4 constants and so the dimension of the solution space of the
conformal-to-Einstein operator is 4. The parallel sections of the tractor bundle on
R2 are therefore given by
IA =

−C2 xbxb +Bbxb + A−Cxa +Ba
C


which is unique up to some constant multiple.
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8.2. The non-flat case. For the non-flat case, in the generic setting we have
dimkerD = 1 from Proposition 6.2. In the non-generic setting it is also seen that
provided the two constraints (23) and (24) hold, equation (5) reduces to a second
order homogeneous linear ODE and in this setting dimkerD = 2. The remaining
cases where either of the two constraints (23) or (24) does not hold will require a
lot more involved and intensive computation to investigate but we conjecture in
that in this case, if any examples exist, the dimension of the kernel is 1. We do
not have any examples of the non-generic setting where any of the constraints (23)
or (24) does not hold and we do not know whether the class of such solutions is
empty or not. We therefore have
Proposition 8.1. Let (M2, [g], [P]) be a Möbius surface, and Dab : E [1] 7→ E(ab)◦ [1]
be the conformal-to-Einstein operator given by (7). Then dimkerD = 4 if the
Möbius structure is flat and otherwise dimkerD = 1 if the Möbius structure is non-
flat and generic, or dim kerD = 2 if the conformal-to-Einstein equation reduces to
a second order ODE (22) in the non-flat and non-generic case (this is under the
assumptions that both (23) and (24) hold).
9. Outlook
A future research direction is to look at almost Möbius-Einstein scales in the
same vein as [6] and [7]. Let (M2, [g], [P]) be a Möbius surface equipped with a
non-zero parallel section IA (with respect to the prolongation connection) of the
standard tractor bundle. The scale singularity of σ given by Σ = {p ∈M2|σ(p) =
0} can either be codimension 1, which is a curve on the Riemann surface, or
codimension 2, in which case Σ is possibly a collection of isolated singularities (we
refer to the example where σ is given by Airy functions). Such Möbius surfaces
are conformally Einstein away from the scale singularity set Σ. Another possible
direction is to look at a conformally compact 3-manifold M3 with the boundary at
infinity equipped with a section of the standard tractor bundle parallel with respect
to the prolongation connection, and investigate the extent that the geometry of the
interior is determined by the boundary. This is closely related to the AdS/CFT
correspondence in physics.
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